Introduction 28
The finite element method (FEM) is now a widely-used, well-establish 29 numerical method for solving mathematical models of practical problems 30 in engineering and science. In practice, FEM users often prefer to use 31 simple, low order triangular or quadrilateral elements in 2D problems and 32 tetrahedral elements in 3D problems since these elements can be 33 automatically generated with ease for meshing complicated geometries. 34
Nevertheless, the standard low order elements produce discontinuous 35 gradient fields on the element boundaries and their accuracy is sensitive 36 to the quality of the mesh. The Q4-CNS has been developed and applied for the free and forced 63 vibration analyses of 2D solids [9] and for 2D crack propagation analysis 64 [10] . Recently the Q4-CNS has been further developed to its 3D 65 counterpart, that is, the hybrid FE-meshfree eight-node hexahedral 66 element with continuous nodal stress (Hexa8-CNS) [11] . However, 67 examination of the Q4-CNS interpolation in fitting surfaces defined by 68 functions of two variables has not been carried out. Thus, it is the 69 purpose of this paper to present a numerical study on the on the accuracy 70 and convergence of the Q4-CNS shape functions and their derivatives in 71 surface fitting problems. Furthermore, the consistency (or completeness) 72
property of the Q4-CNS shape functions is numerically examined in this 73 study. 74
2
The Q4-CNS Interpolation 75
As in the standard finite element procedure, a 2D problem domain,  , is 76 firstly divided into four-node quadrilateral elements to construct the Q4-77 CNS shape functions. Consider a typical element Kirchhoff's plate rectangular element [6] , [12] , that is, 88 
and B are the moment matrix and the basis matrix, respectively, given as 115
is the vector of nodal parameters. Note that 118 in general vector a is not a vector of nodal values because the 119 approximation u i (x,y) does not necessarily pass through the nodal values. 120
Defining the inner product for any two basis functions f(x,y) and g(x,y) as
122 and using the Gram-Schmidt orthonormalization algorithm [6] , the basis 123 vector p can be transformed into an orthonormal basis function vector r 124 so that the moment matrix A becomes the identity matrix. Subsequently, 125 the nodal approximation is constrained using the Lagrange multiplier 126 method so that the nodal parameter ui(x,y) at node i is equal to the nodal 127 value ui. Going through the abovementioned process, the nodal 128 approximation, Eqn. (3), turns into 129
130 where 131 
Shape function consistency property 166
In order to be applicable as the basis functions in the Rayleigh-Ritz based 167 numerical method, a set of shape functions is required to be able to 168 represent exactly all polynomial terms of order up to m in the Cartesian 169 coordinates [13] , where m is the variational index (that is, the highest 170 order of the spatial derivatives that appears in the problem functional). A 171 set of shape functions that satisfies this condition is called m-consistent 172
[13]. This consistency property is a necessary condition for convergence 173 (that is, as the mesh is refined, the solution approaches to the exact 174 solution of the corresponding mathematical model). 175
To examine the consistency property of the Q4-CNS shape functions, 176 consider a 10 10  square domain shown in Fig. 2 . The domain is 177 subdivided using 44  regular quadrilateral elements, Fig. 2(a) , and 178 irregular quadrilateral elements, Fig. 2 and y 2 bases, both the Q4-CNS and Q4 interpolations are not able to 205 produce the exact solutions, as expected. For these bases, the Q4-CNS 206 interpolation is consistently more accurate than the standard Q4. 207
The tables clearly reveals that the Q4-CNS interpolation is not consistent 208 up to all of the quadratic bases. As a consequence, the Q4-CNS is not 209 applicable to variational problems possessing variational index m=2, 210 including the Love-Kirchhoff plate bending and shell models. This is in 211 contradiction to the statement made in the original paper [6] , which 212 mentioned that the Q4-CNS "is potentially useful for the problems of 213 bending plate and shell models". If the Reissner-Mindlin theory is 214 adopted, however, the Q4-CNS is of course applicable. 215
Accuracy and Convergence 216

Quadratic function 217
The accuracy and convergence of the Q4-CNS interpolation in fitting 218 functions in 2D domain are firstly examined using quadratic function 219 (adapted from an example in ) given as 220
with two different domains, viz. 222
224
The first domain, Eqn. (17), is the unit square while the second one, Eqn. 225 Table 3 for the square domain and in Table 4 The results show that the Q4-CNS interpolation is consistent up to the 281 bilinear basis both for the regular and irregular meshes. It is more 282 accurate than the Q4 in fitting the functions and their derivatives. In a 283 sufficiently fine mesh, the error norm of the Q4-CNS interpolation is 284 around 3 to 4 times smaller than that of the Q4, and the error norm of its 285 derivatives is around 1.5 to 2 times smaller than that of the Q4. The Q4-286 CNS interpolation converge very well to the fitted function. Its 287 convergence rate is approximately 25% faster than that of the Q4. The 288 demerits of the present method is that the computational cost to construct 289 the shape function is much higher than the Q4 shape function. 
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